Abstract. We theoretically analyze the entanglement generation and dynamics by coupled Josephson junction qubits. Considering a current-biased Josephson junction (CBJJ), we generate maximally entangled states. In particular, the entanglement dynamics is considered as a function of the decoherence parameters, such as the temperature, the ratio r ≡ ωc/ω0 between the reservoir cutoff frequency ωc and the system oscillator frequency ω0, and the energy levels split of the superconducting circuits in the non-Markovian master equation. We analyzed the entanglement sudden death (ESD) and entanglement sudden birth (ESB) by the non-Markovian master equation. Furthermore, we find that the larger the ratio r and the thermal energy kBT , the shorter the decoherence. In this superconducting qubit system we find that the entanglement can be controlled and the ESD time can be prolonged by adjusting the temperature and the superconducting phases Φ k which split the energy levels.
Introduction
Entanglement is one of the remarkable features of quantum mechanics. Briefly, entanglement refers to correlated behavior of two or more particles that cannot be described a Present address: zrxi@iss.ac.cn classically, the properties of one particle can depend on those of another (typically distant) particle in a way that only quantum mechanics can explain. Einstein-PodolskyRosen (EPR) entangled states, probably the simplest and most interesting entangled states, have been employed not only to test Bell's inequality, but also to realize quantum cryptography, quantum teleportation, and quantum computation [1, 2, 3, 4, 5] . It has become clear that entanglement is a new resource for tasks that cannot be performed by means of classical resources [6, 7] . Although many results have been obtained (for example, see the review papers [8, 9] ), the theory of quantum entanglement has open questions, like (i) how to optimally detect entanglement theoretically and practically; (ii) how to reverse the inevitable process of degradation of entanglement; and (iii) how to characterize, quantify and control entanglement.
The focus of this paper is a theory study of entanglement dynamics and control in a coupled Josephson junction system.
Superconducting quantum circuits [10] are the subject of intense research at present. Josephson devices can serve as quantum bits (qubits) in quantum information and that quantum logic operations could be performed by controlling gate voltages or magnetic fields [10] . Moreover, for its scalable and macroscopic property, Josephson junctions offer one of the most promising candidate served as hardware implementation of quantum computers [11, 12, 13, 14, 15, 16, 17] . The charge, flux, and phase qubits are three basic types of superconducting qubits [10] depending on which dynamical variable is most well defined. Operations with multiple superconducting qubits have also been performed. Several types of Josephsonjunction qubits have been proposed and explored in the laboratory. The first solid-state quantum gate has been demonstrated with charge qubits [18] . For flux qubits, two-qubit coupling and a controllable coupling mechanism have been realized [19, 20] . However, due to the difficulty to decouple the qubits from the environments in solidstate systems, only the two-qubit entanglement of the superconducting qubits has been observed in experiments [21] , while the entangled states up to eight [22] or six photonic [23] qubits have been experimentally reported.
Therefore, the future generation of multi-particle entangled states for solid state quantum computation would be a significant, step towards quantum information processing. A challenge is quantum decoherence, because any pure quantum state used evolves into a mixed state due to the unavoidable interactions with the environment. Decoherence describes the environment-induced suppression of the quantum mechanical coherence properties and interference ability, which transforms the quantum system into classical one. The description of this process requires us to take into account not only the degrees of freedom of the system of interest, but also those of the environment. Decoherence of the Josephson junction qubits is considered to be the major impediment for quantum logic gate operations. Thus, short coherence times limit both the manipulation of the qubit state and information storage. In all superconducting qubits, both the spectrum of charge noise and the critical current fluctuations as it is display a 1/f behavior at low frequencies. Moreover, both charge noise and critical current fluctuations can be phenomenologically explained by modeling the environment as a collection of discrete bistable fluctuators, representing charged impurities hopping between different locations in tions. The Born-Markovian approximation is usually used in deducing the master equation, which neglects the correlations between the system and the reservoir. The Markovian approximation leads to a master equation which can be cast into the so called Lindblad form. Master equations in the Lindblad form are characterized by the fact that the dynamical group of the system satisfies both the semigroup property and the complete positivity condition. However, in the superconducting qubit system the Markovian approximation is not justified [31, 32] . In recent years, non-Markovian quantum dissipative systems [33, 34, 35, 36, 37, 38, 39, 40, 41, 42] have attracted much attention due to its fundamental importance in quantum information processing .
In this paper, we will focus on the dynamics of the generated superconducting entangled state in a non-Markovian environment by using the master equation method. It determines how much quantum information can be reliably transmitted over the noisy quantum channels. We then discuss schemes for controlling the entanglement between the superconducting quantum circuits. Nowadays, quantumstate engineering, i.e., active control over the coherent dynamics of suitable quantum-mechanical systems, has become a fascinating prospect of modern physics [25, 26, 27] .
Quantum decoherence and entanglement control pave the way for future long coherent time quantum information processing and computation. This paper is organized as follows. We first introduce superconducting qubits decoherence and the quantum non- 
Suppose that the CPBs are biased at the charge degenerate point, such that n gk = C gk V k /(2e) = 1/2 (when V k = e/C gk ). The two energy levels of the k-th CPB corresponding to n k = 0, 1 are close to each other and far separated from other high-energy levels. In this case, they behave as effective two level systems (with the basis
. It is well known that the CBJJ can be approximated as a harmonic oscillator [52, 15, 53, 54] , if it is biased as
Here, we consider a very different case, i.e., the biased dc Under the rotating-wave approximation, the Hamiltonian H can be rewritten as
with
and σ
Note that, the charging en- 
Obviously, if we assume the two qubits are both at the charge degenerate point n gk = 1/2, and
with the separated initial state |g b |g 1 |e 2 , the evolution operator of the corresponding two qubit system is given by
and the system's evolution is given by
If we choose Jt = π/4, we can obtain the maximally en-
3 Entanglement dynamics
Markovian and non-Markovian master equations
We account for the dissipation due to electromagnetic fluctuations. They can be modeled by an effective impedance 
with a time-independent generator in the Lindblad form. With this approximation, the environment acts as a sink for the system information. Due to the system-reservoir interaction, the system of interest loses information on its state into the environment, and this lost information does not play any further role in the system dynamics.
If the environment has a non-trivial structure, then the seemingly lost information can return to the system at a later time leading to non-Markovian dynamics with memory. This memory effect is the essence of non-Markovian By tracing out the bath degrees of freedom, we find for ρ a non-Markovian evolution equation
. (7) with the super-operator
The first term describes the unitary part of the evolution.
The latter involves a summation over the various decay channels labeled by m with corresponding time-dependent decay rates ∆ m (t) and arbitrary time-dependent system operators C m (t). In the simplest case, the rates ∆ m as well as the HamiltonianĤ s and the operators C m are assumed to be time-independent, that is, it is the Markovian case.
Note that, for arbitrary time-dependent operatorsĤ s (t) and C m (t), and for ∆ m (t) ≥ 0 the generator of the master equation (7) is still in Lindblad form at each fixed time t, which may be considered as time-dependent quantum Markovian process. However, if one or several of the ∆ m (t) become temporarily negative, which expresses the presence of strong memory effects in the reduced system dynamics, the process is then said to be non-Markovian.
For the system considered in Fig.1 , two Josephson junction qubits coupled by the common current-biased Josephson junction, the bipartite dynamics is (8) where Γ 1 = ∆(t) + γ(t) and Γ 2 = ∆(t) − γ(t). The time dependent coefficients ∆(t) and γ(t) are diffusive term and damping term, which can be written as follows
being the noise and the dissipation kernels, respectively.
In this paper we choose the Ohmic spectral density with a Lorentz-Drude cutoff function,
where γ 0 is the frequency-independent damping constant and usually assumed to be 1. ω is the frequency of the bath, and ω c is the high-frequency cutoff. The analytic expression for the coefficients γ(t)and ∆(t) are given in [33] . (iii) and/or it satisfies normalization, asymptotic continuity, and convexity. There are operational entanglement measures such as distillable entanglement, distillable key and entanglement cost, as well as abstractly defined measures such as ones based on convex roof construction (e.g., concurrence and entanglement of formation) or based on a distance from a set of separable states such as the relative entropy of entanglement [9] . One of the most famous measures of entanglement is the Wootters' concurrence [58] of two-qubit system. We will use it to study the entanglement dynamics and obtain the entanglement transfers [59, 56, 55] . For a system described by a density matrix ρ,
Measuring entanglement
where λ 1 , λ 2 , λ 3 , and λ 4 are the eigenvalues (with λ 1 the largest one) of the "spin-flipped" density operator ζ =
, where ρ * denotes the complex conjugate of ρ and σ y is the Pauli matrix. C ranges in magnitude from 0 for a disentanglement state to 1 for a maximally entanglement state.
The initial state chosen is the previous generated maximal entangled state, |Ψ = (|g 1 |e 2 −i|e 1 |g 2 )/ √ 2, which is an "X" form mixed state [60, 61, 62] that has non-zero elements only along the main diagonal and anti-diagonal.
The general form of an "X" density matrix is as follows
Such states are general enough to include states such as the Werner states, the maximally entangled mixed states (MEMSs) and the Bell states; and it also arises in a wide variety of physical situations. A remarkable aspect of the "X" form mixed states is that the time evolution of the master equation (5) determined by the initial "X" form is maintained during the evolution. This particular form of the density matrix allows us to analytically express the concurrence at time t as
where
The non-Markovian master equation (8) is equivalent to a system of coupled differential equations, the first four of which describe the time evolution of the populations,
while the other equations describe the time evolution of the coherence: 
In the following subsection we will bring to light the features characterizing the dynamics of superconducting entanglement.
Numerical demonstration
Using the same experimental parameters as [12] [63, 64] . In Fig. 3(d In the present work, we have theoretically studied the entanglement generation and dynamics in coupled superconducting qubits systems. We characterize the entanglement by the thermal energy k B T , the ratio r and the energy levels split of the superconducting circuit: |E J1 (Φ 1 )− E J2 (Φ 2 )|. Non-Markovian noise arising from the structured environment or from strong coupling appears to be more fundamental and the ESD and ESB phenomena are analyzed in this paper. Our simulation results demonstrated that the lower the temperature the more prominent the entanglement. Moreover, the ESB phenomenon embodies the non-Markovian memory effect. We also find that the entanglement can be open-loop controlled and the ESD time can be prolonged by adjusting the temperature, r and the superconducting phases Φ k in the superconducting qubit systems. Superconducting qubits offer evident advantages due to their scalability and controllability. We hope that such techniques will be experimentally implemented in the near future. 
